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a b s t r a c t
We correct the proof of Theorem 6 in the letter ‘‘Fixed point theory for cyclic weak
φ-contraction’’ [E. Karapınar, Fixed point theory for cyclic weak φ-contraction, Appl. Math.
Lett. 24 (6) (2011) 822–825].
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
The following correction for the letter [1] should be noted. In [1], the following result is presented:
Theorem 1 (Theorem 6 in [1]). Let (X, d) be a complete metric space, m a positive integer, A1, A2, . . . , Am closed non-empty
subsets of X and Y = ∪mi=1 Ai. Suppose that φ : [0,∞) → [0,∞) with φ(t) > 0 is a continuous function for t ∈ (0,∞) and
φ(0) = 0. Suppose also that T is a cyclic weak φ-contraction where Y = ∪mi=1 Ai is a cyclic representation of Y with respect to T .
Then, T has a unique fixed point z ∈ ∩mi=1 Ai.
In order to prove that {xn} is a Cauchy sequence, the author used the following argument: ‘‘Take ε > 0. Choose N0 ∈ N
in such a way that d(xN0 , xN0+1) ≤ min{ ε2 , φ( ε2 )}. We assert that T is a self-mapping on the closed ball B(xN0 , ε). To prove
our assertion, take x ∈ B(xN0 , ε). If d(x, xN0) ≤ ε2 , then due to (2.1) and the triangle inequality, we have
d(Tx, xN0) ≤ d(Tx, TxN0)+ d(TxN0 , xN0)







A similar argument is used for d(x, xN0) >
ε
2 .
This reasoning is, in general, false due to
d(Tx, TxN0) ≤ d(x, xN0)− φ(d(x, xN0))
when x and xN0 lie in different adjacently labeled sets Ai (i = 1, 2, . . . ,m) and this, in general, does not happen.
Our argument is based on one used in Theorem 2.4 of [2]. For better readability, we present a result alternative to
Theorem 1 and under weaker assumptions (the function φ need not to be continuous) and we give the proof.
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Theorem 2. Let (X, d) be a complete metric space, m a positive integer, A1, A2, . . . , Am closed non-empty subsets of X and
Y = ∪mi=1 Ai. Suppose that φ : [0,∞)→ [0,∞) with φ(t) > 0 is non-decreasing for t ∈ (0,∞) and φ(0) = 0. Suppose also
that T is a cyclic weak φ-contraction where Y = ∪mi=1 Ai is a cyclic representation of Y with respect to T . Then, T has a unique
fixed point z ∈ ∩mi=1 Ai.
Proof. Choose x0 ∈ X and consider the Picard iteration given by Txn = xn+1 for n = 0, 1, 2, . . .. If there exists n0 such
that xn0+1 = xn0 then xn0+1 = Txn0 = xn0 and the existence of the fixed point is proved. Suppose that xn+1 ≠ xn for all
n = 0, 1, 2, . . .. Then, since y = ∪mi=1, for any n > 0 there exists in ∈ {1, 2, . . . ,m} such that xn−1 ∈ Ain−1 and xn ∈ Ain and
consequently using the contractive condition,
d(xn, xn+1) = d(Txn−1, Txn) ≤ d(xn−1, xn)− φ(d(xn−1, xn)) ≤ d(xn−1, xn). (1.2)
Therefore, {d(xn, xn+1)} is a non-decreasing sequence of non-negative real numbers. This implies the existence of γ ≥ 0
such that limn→∞ d(xn, xn+1) = γ . Taking n→∞ in (1.2), we obtain
γ ≤ γ − lim
n→∞φ(d(xn−1, xn)) ≤ γ
and, therefore,
lim
n→∞φ(d(xn−1, xn)) = 0. (1.3)
Suppose that γ > 0. Since γ = inf{d(xn, xn+1) : n ∈ N}, then 0 < γ ≤ d(xn, xn+1) for n = 0, 1, 2, . . .. Letting n → ∞ in
the inequality,
0 < γ ≤ φ(γ ) ≤ lim
n→∞φ(d(xn+1, xn))
and this contradicts (1.3). Therefore, γ = 0. Now, we prove that (xn) is a Cauchy sequence. In order to prove this fact, firstly
we prove the following claim.
Claim: For every ϵ > 0 there exists n0 ∈ N such that if p, q ≥ n0 with p− q ≡ 1(m) then d(xp, xq) < ϵ.
In fact, in the opposite case, there exists ϵ > 0 such that for any n ∈ N we can find p > q ≥ n with p − q ≡ 1(m)
satisfying d(xp, xq) ≥ ϵ. By the triangular inequality, we have
ϵ ≤ d(xp, xq) ≤ d(xp, xp+1)+ d(xp+1, xq+1)+ d(xq+1, xq)
= d(xp, xp+1)+ d(Txp, Txq)+ d(xq+1, xq). (1.4)
Since xp and xq lie in different adjacently labeled sets Ai and Ai+1 for certain 1 ≤ i ≤ m, from (1.4) and using the contractive
condition we get
ϵ ≤ d(xp, xq) ≤ d(xp, xp+1)+ d(xp, xq)− φ(d(xp, xq))+ d(xq+1, xq).
This inequality gives us
φ(d(xp, xq)) ≤ d(xp, xp+1)+ d(xq+1, xq). (1.5)
As ϵ ≤ d(xp, xq) and φ is non-decreasing, we have
0 < φ(ϵ) ≤ φ(d(xp, xq)), (1.6)
and (1.5) and (1.6) give us
0 < φ(ϵ) ≤ φ(d(xp, xq)) ≤ d(xp, xp+1)+ d(xq+1, xq).
Letting p, q→∞with p− q ≡ 1(m) and since limn→∞ d(xn, xn+1) = 1, we have
0 < φ(ϵ) ≤ lim
p,q→∞
p−q≡1(m)
φ(d(xp, xq)) ≤ 0,
which is a contradiction. Therefore, our claim is proved.
Now, in order to prove that (xn) is a Cauchy sequence, we fix ϵ > 0. Using the claim, we find n0 ∈ N such that if p, q ≥ n0
with p− q ≡ 1(m),
d(xp, xq) ≤ ϵm . (1.7)
On the other hand, since limn→∞ d(xn, xn+1) = 0, we also find n1 ∈ N such that
d(xn, xn+1) ≤ ϵm , (1.8)
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for any n ≥ n1. We take γ , s ≥ max(n0, n1) with s > γ . Then there exists k ∈ {1, 2, . . . ,m} such that s − γ ≡ k(m).
Therefore, s− γ + j ≡ 1(m) for j = m− k+ 1 and so
d(xγ , xs) ≤ d(xγ , xs+j)+ d(xs+j, xs+j−1)+ · · · + d(xs+1, xs).
From (1.7) and (1.8) and the last inequality,






This proves that (xn) is a Cauchy sequence.
Since X is a complete metric space there exists x ∈ X such that limn→∞ xn = x. Now, we will prove that x is a fixed point
of T . In fact, since limm→∞ xn = x and since Y = ∪mi=1 Ai is a cyclic representation of Y with respect to T , the sequence (xn)
has an infinite number of terms in each Ai for i ∈ {1, 2, . . . ,m}. Considering that Ai is closed for i ∈ {1, 2, . . . ,m} we have
x ∈ ∩mi=1 Ai.
Now fix i ∈ {1, 2, . . . ,m} such that x ∈ Ai and Tx ∈ Ai+1. We take a subsequence (xnk) of (xm)with xnk ∈ Ai−1 (the existence
of this subsequence is guaranteed by the comment above). Using the triangular inequality and the contractive condition, we
can obtain
d(x, Tx) ≤ d(x, xnk+1)+ d(xnk+1 , Tx)
= d(x, xnk+1)+ d(Txnk , Tx) ≤ d(x, xnk+1)+ d(xnk , x)− φ(d(xnk , x))
≤ d(x, xnk+1)+ d(xnk , x).
Taking the limit when k→∞,
d(x, Tx) ≤ 0,
and, therefore, d(x, Tx) = 0, i.e., x is a fixed point of T .
In order to prove the uniqueness of the fixed point, we take y, z ∈ Y with y and z fixed points of T . The cyclic character
of T and the fact that y, z ∈ Y are fixed points of T imply that y, z ∈ ∩mi=1 Ai. Using the contractive condition,
d(y, z) = d(Ty, Tz) ≤ d(y, z)− φ(d(y, z)) ≤ d(y, z)
and, therefore, φ(d(y, z)) = 0. Since φ(t) > 0 for t ∈ (0,∞), we get d(y, z) = 0 and, consequently, y = z. This finishes the
proof. 
Remark 3. The function φ does not need to be continuous.
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